Let ZG be the integral group ring of the infinite dihedral group. It is shown that any torsion unit of ZG, having augmentation one, is conjugate in {JG to an element of G. This result is applied to deduce a result of Wallace that any normalized automorphism of ZG is composed of an automorphism of G and a conjugation by a suitable element of {JG.
Introduction
For finite groups G the following conjectures of Zassenhaus are well known There has been a lot of progress on these questions for finite G (see [3) , [6] , [7] ) whereas only a little has been done for the case of infinite groups (see [1] , [2] , [8] ). In [8] , (ZC2) has been proved for the infinite dihedral group. In [1] a weaker form of (ZCl) is proved for Cm * Cn, the free product of cyclic groups Cm and Qn, by finding t~e conjugating element in a large over ring R of 7LG. This situation is not completely satisfactory as seen by the following observation that applies to C2 * C2, the infinite dihedral group. Let A i :1: I be a 2 x 2 matrix of order 2 over the Laurent polynomial ring
7L [x,x-I}.
Then A is conjugate to (~~1) in (CIJ(x»2X2' This implies that all units of the infinite dihedral group which have order 2 and are different from 1, -1 are conjugate in a ring R containing 7LG. Before stating our results, we fix notation.
Throughout G = (t,z: z2 = 1, ztz = rI) is the infinite dihedral group. U( 7LG) is the group of units and UI7LG' those of augmentation, 1. The augmentation map will be denoted bye. 
Some Preliminaries
The elements of 7L(G) have a (normal) form: aCt) + b{t)z, where aCt), b{t) E 
for some e, dE Z [x] . Hence, +(6) ==1 + 2exy and 61 == 1 (modx2 -1 
Then the determinant of e( c) = -1 = -j2y2 -bb* and 1 -j2y2 = bb*. Writing f = 2g
we get 1 -g2(t -rl)2 = bb*. We know that if~(b) = bl +~y then bl == 1 or
x mod (x2 -1). We begin with a technical lemma.
LEMMA 3. Suppose~(b(t)) = 1+ (X2 -1)bJ +~y. Then one of the following holds in Z (t).
(1) b = 1:!: get -rl). 
+ get -CI) = u(t)v(t) and b(t) = u(t)v*(t), up to unit factors in 7L (t). Therefore we have b(t) = :i: tiu(t)v.(t) for some i E 7L. Let us first assume that b(t) ==u(t)v.(t).
Then 1 + fy = 1 + 2gy = (UI + U2Y)( VI + V2Y) and
Finally,if U2V2 = 0 then +(6) = 1+~y, +(6.) = 1-~Y and +(66.) = 1 -6~(x2-1).
This implies that~= f which is Case (1).
which implies that the only case arising is the one considered already.
THEOREM 1. c is conjugate in 7L[t](G) to Z orzt.
PROOF: We shall have to divide by 2, accordingly we set
We first take up the case 61 ==1 (mod x2 -1).
As in Lemma 3 there are the following cases to consider:
(1) 1 + fy = UV, 6 = uv., and (2) 6 = 1 :i:fy. and substituting for fJI~, aIb3 from (5) gives
above equations gives a system of four equations: 
aIbI + a2(x2
Since det (e(c» = -1, it follows that F = 0 so equations (2) and (4) imply (1) and (3) . To finish the argument we must show that there is a Solution of (5) (thus (2) and (4» so that the determinant
We claim such a solutionis given by
Recalling that / = (Ul V2 + VI U2),~= (U2Vl -Ul"2) and 63 = -2U2V2 we plug these values to find that the equations (5) are satisfied. Further, from (6)
It follows by Lemma 3 that D = 1 as desired which completes the proof for Case 1. + 11) ,which has the form of Case1.
Thus, the transformed matrix is conjugate to (~~) and it follows that the original matrix is conjugate to (t~1~). This completes the proof of the theorem.
REMARK: The conjugating matrix of Theorem 1, in fact, has its entries in
PROOF: We have to convince ourselves that uI:f: VI, U2 :f: V2 E 2Z [x). Recall that
(a) We wish to prove U2:f:
.
Thus 2A, 2B E 7L< (t) and ai E 2i-I7L, f3" E 2"7L for i 2: 1, k 2: 1. Similarly, 7 'i E 2i-1 Z, Ii" E 2" 7L for i 2: 2, k 2: 1. This leaves ao, a}, f3o to be detennined.
Comparing the tenns in
We are going to prove
Since u(t) E.Z (t) has its highest and lowest t-power terms in the sum
which equals 2 (ar+fJr-l) 2+ ar-fJr-l 2' It follows that ar+fJr-l and ar -fJr-l E 2rZ. Thus the above sum itself belongs to 7L (t). We deduce by induction that
al(t+2r1) +Po(t+;-I)o(t-2r1) E Z(t}.
Hence al + Po E 27L and similarly ,I + bo E 2Z as asserted in (**). In order to prove a) it remains to see that 130:1: bo E 2Z. Suppose on the contrary that bo is odd and bo is even (the other case is similar). Then from (**) mod 2 we have ,I = 1, 
Automorphisms of Z{G)
The automorphism group of Z( G) has been determined by D.A.R. Wallace [8] .
Using Theorem 1 we can give an alternate proof of a result of his. An automorphism is said to be normalized if it preserves augmentation. 
-/'y b~-b~y .
The last image matrix has determinant one as the first two being of order 2 have determinant equal to -1. Then we observe that e( t + C 1) -+ (2~~2~~) = 4 -e(t + C 1) = (4~2x 4~2X) .
Thus b~= 2 -x. Computing the determinant of Te(t) we get
which is a contradiction. This proves our claim that T is identity on J. 
THEOREM 3'. H a,b E U1Z(G), tben (a,b)~V4.

